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Abstract

Inner Poisson algebras on a given associative algebra are introduced and characterized, which gives a way
of_fonstructing non-commutative Poisson structures. Applying these to the finite-dimensional path algebras
k Q, together with the decomposition into indecomposable Lie ideals of the standard Poisson structure
on ké, we classify all the inner Poisson structures on ké, which turn out to be the piecewise standard
Poisson algebras. We also determine all the finite quivers _Q> without oriented cycles such that ké admits
outer Poisson structures: these are exactly the finite quivers without oriented cycles such that there exist
two non-trivial paths « and B lying in a reduced closed walk, which cannot be connected by a sequence of
non-trivial paths.
© 2007 Elsevier Inc. All rights reserved.
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Introduction

The aim of this paper is to construct finite-dimensional, non-commutative Poisson algebras
via quivers. Here by a Poisson algebra over a field k we mean a triple (A, -, {—,—}), where
(A, -) is an associative k-algebra and (A, {—,—}) is a Lie k-algebra, such that the Leibniz rule
{a,bc} ={a, b}c+b{a, c} holds for a, b, c € A (or equivalently, {ab, c} = a{b, c} + {a, c}b holds
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for a, b, c € A). We stress that there are other different definitions for non-commutative Poisson
algebras, see e.g. Xu [X], Definition 1.1 in Crawley-Boevey [C], and Definition 2.6.1 in Van den
Bergh [Van]. For details see Remark 3.8.

Let (A, -, {—,—}) be a Poisson algebra. For a € A, denote the Hamiltonian of a by ham(a) =
{a, —} € Endi (A, A). Then the Leibniz rule just says that ham(a) is a derivation of the associative
algebra (A, -).

Let (A, -) be an associative algebra with a, b € A. Denote by [a, b] the commutator ab — ba
of a and b. Then for any A € k, (A, -, A[—,—]) is a Poisson algebra, which is called a standard
Poisson structure on (A, -).

Non-commutative Poisson algebras are widely used in non-commutative geometry and math-
ematical physics (see e.g. [DB,K,L,V], and [X]). However, there is a lack of examples of
non-commutative, non-standard Poisson algebras (see e.g. Farkas—Letzter [FL, p. 157]). On the
other hand, any Poisson structures on some classes of non-commutative associative algebras are
known to be standard, for examples, on the simple algebras (Kubo [Kul]), on the algebras T}, (k)
of upper triangular matrices [Kul], on the poset subalgebras of My, (C) [Ku2], and on the non-
commutative prime algebras [FL]. Also, it is proved in [Kul] that the associative product in
any Poisson structure on a semisimple Lie algebra is trivial. From the algebraic viewpoint, it is
then natural to construct non-commutative, non-standard Poisson algebras. Inspired by the recent
works of Bocklandt and Le Bruyn [BL], Crawley-Boevey, Etingof and Ginzburg [CEG], and Van
den Bergh [Van], in this paper we will deal with this construction via the quiver techniques by
considering the so-called inner Poisson algebras and outer-Poisson quivers, though we do not
know how to induce commutative Poisson structures from the non-commutative ones given in
this paper.

A Poisson algebra (A, -, {—,—}) is said to be inner if ham(a) is an inner derivation of (A, -)
(i.e., hama = [a’, —] for some a’ € A) for each a € A. As a natural generalization of standard
Poisson algebras, inner Poisson structures often arise: if the first Hochschild cohomology of
(A, -) vanishes, then any Poisson structure on (A, -) is inner (see Gerstenhaber [G]). A theorem
due to Happel [H] says that the first Hochschild cohomology of a finite-dimensional path algebra
ké vanishes if and only if Q) is a finite tree. It follows that any Poisson structure on the path
algebra of a finite tree is inner (however the converse is not true. See Example 4.3(1)).

This paper is organized as follows. In Section 1 we characterize the isoclasses of inner Poisson
algebras on a given associative algebra A by the equivalence classes of P(A), a special class of
linear transformations of A as defined in 1.3. See Theorem 1.4. With this characterization we
construct new inner Poisson algebras from the given one (Proposition 1.9).

In order to classify all the inner Poisson structures on a finite-dimensional path algebra ké,
and to determine all the finite quivers é without oriented cycles such that ké admits outer
Poisson structures, we need to decompose the standard Lie structure on ké into indecomposable
Lie ideals. This is done in Section 2, by introducing an equivalence relation on the set of non-
trivial paths of @), and a symmetric bilinear form (—,—) on k@o such that each subspace of kéo

has_gn orthogonal basis with respect to (—,—), where kéo is the k-space spanned by the vertices
of Q. See Theorem 2.10.
By a piecewise standard Poisson algebra (A, -,{—,—}, A1,...,Ay) On a given associative

algebra (A, -) we mean that there exists a decomposition A = (P, ¢; ¢, A; into indecompos-
able ideals of the standard Lie algebra (A, [—,—]), and a vector (Ay, ..., A,) € K, such that
ham(a) = A;j[a, —] foreacha € A;, 1 <i < m. I_t) is proved in Section 3 that any inner Poisson
structure on a finite-dimensional path algebra kQ is piecewise standard; all)d conversely, given
an arbitrary vector (A1, ..., A,) € kK™, where m is the degree of the quiver Q (cf. 2.2), there is a
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unique piecewise standard Poisson algebra (ké, -, {—,—}) such that ham(a) = A;[a, —] for each
ac€A;,1<i<m.See Theorem 3.5.

Although most of Sections 2 and 3 holds in a more general setup (see Remarks 2.7 and 3.7),
for the simplicity we still choose quivers to state our results. We also emphasize that an inner
Poisson algebra is not necessarily a piecewise standard Poisson algebra. See Example 3.6(i).

In the final section, we determine all the finite quivers é without oriented cycles such that
ké admits outer Poisson structures, or equivalently, all the finite quivers é without oriented
cycles such that any Poisson structure on k@ is inner: these are exactly the finite quivers without
oriented cycles such that any two non-trivial paths o and § lying in a reduced closed walk can
be connected by a sequence of non-trivial paths (cf. 2.2). See Theorem 4.2.

Throughout this paper, k is a field of characteristic 0. For unexplained notions on quivers we
refer to Auslander—Reiten—Smalg [ARS] and Ringel [R].

1. Inner Poisson algebras

In a Poisson algebra (A, -, {—,—}), denote by Z(A) and Z{A} the centers of the Lie bracket
[—,—] and {—,—}, respectively. Denote by [A, A] and {A, A} the k-subspaces spanned by all the
commutators [a, b], and by all the elements {a, b}, respectively, where a, b run over A. Note that
Z(A) is exactly the center of the associative algebra (A, -). We need the following easy fact.

Lemma 1.1. Let (A, -, {—,—}) be an inner Poisson algebra. Then Z(A) C Z{A}, and {A, A} C
[A, Al

Proof. Let a € Z(A). For any x € A there exists x’ € A such that ham(x) = [x, —]. It follows
that

{a,x})=—{x,a)=—[x",a]=0
which implies a € Z{A}. O
Lemma 1.2. Let (A, -) be an associative algebra. Then any inner Poisson algebra (A, -, {—,—})

on (A, ) is given by ham(a) = [g(a), —], Ya € A, where g is a k-linear transformation of A
satisfying

[g0),y]=[x.g(M]. Vx,yeA, (1.1)
[¢(0), (] —g([g(0).y]) € Z(A), Vx,yeA, (1.2)

and
Z(A) C Ker(g). (1.3)

Conversely, if g is a k-linear transformation of A satisfying (1.1) and (1.2), then (A, -, {—,—})
is an inner Poisson algebra, where ham(a) = [g(a), —] for each a € A.

Proof. Assume that (A, -, {—,—}) is an inner Poisson algebra. Then for each a € A there exists
a’ € A such that ham(a) = [a@’, —]. If [@/, —] = [a@”, —] then a’ — a” € Z(A). This permits us to
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define a k-linearmap g: A — A/Z(A) by g(a) = (a’), where 7 : A — A/Z(A) is the canonical
projection.

For a € Z(A), by Lemma 1.1 we have ham(a) = 0, and hence g(a) = 0 by definition. It
follows that we can choose a lift g of g, i.e. a linear map g: A — A with 7g = g, such that
Z(A) C Ker(g). (In fact, let B U C be a basis of A such that B is a basis of Z(A) and BN C = .
Take a map g: BU C — A such that g(B) =0 and wg(x) = g(x) for x € C. Then we are done
by extending g linearly.)

Since a’ — g(a) € Kerw = Z(A), it follows that ham(a) = [a’, —] = [g(a), —], Ya € A. Then
we have

[, y]={x,y}=—{y. x}=—[g). x] =[x, W]

It remains to prove (1.2). For those algebras A where [A, A] € Z(A), (1.2) follows from (1.3).
In general, by the Jacobi identity {{x, y}, z} + {{y, z}, x} + {{z, x}, y} = 0 we have

[¢([g(). ¥]). 2] +[[e). 2], )] + [[z. )], (] =0.

By the Jacobi identity of the bracket [—,—] we have

[g([s). ¥]). 2] =[[sx). gM]. 2]

Since z is arbitrary, it follows that

g([g(). y]) — [8(x). g(M] € Z(A).

Conversely, if g is a k-linear transformation of A satisfying (1.1) and (1.2), then it is easy
to verify that (A, {—,—}) given by ham(a) = [g(a), —] for each a € A, is a Lie algebra: (1.1)
implies the anti-symmetry, and (1.2) implies the Jacobi identity. It is clear that (A, -, {—,—}) is a
Poisson algebra. O

1.3. Let (A, -) be an associative algebra. Set P(A) to be the set of the k-linear transformations
g of A satisfying (1.1)—(1.3). Define a relation ~ on P(A): g ~ g’ if and only if there exists
T € Aut(A, -) such that Irn(rgr_1 — g) € Z(A), where Aut(A, -) is the automorphism group
of the associative algebra (A, -). It is easy to see that this is an equivalence relation on P(A).
Denote by [g] the equivalence class of g.

Two Poisson structures on (A, -) are said to be isomorphic as Poisson algebras provided that
there exists an associative algebra automorphism t of (A, -) such that 7 is also a Lie algebra
homomorphism. Denote by [(A, -, {—,—})] the isoclass of a Poisson algebra (A4, -, {—,—}).

Theorem 1.4. Let (A, -) be an associative algebra. Then the map
{the equivalence class of P(A)} — { the isoclass of inner Poisson structure on (A, -)}
given by
[g]— [(A, - {=, —})], where ham(a) = [g(a), —], Yae A,

is bijective.
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Proof. The map given above is well-defined and injective: If g, g’ € P(A), then [g] = [¢] if and
only if there exists 7 € Aut(A, -) such that Im(rgt~! — g’) € Z(A), if and only if there exists
T € Aut(A, -) such that 7: (A, {—,—}) = (A, {—,—Y) is also a Lie algebra isomorphism, where
{a,b} =[g(a),b] and {a, b} =[g'(a), b] fora, b € A.

It follows from Lemma 1.2 that the map given above is also surjective. O

Remark 1.5. (i) If g € P(A) then tgt~! € P(A) for any T € Aut(A, ). If g, g’ € P(A) and
[g]=[g'], then [tgt '] =[rg't '] for any T € Aut(A, -). By Theorem 1.4 this implies that the
group Aut(A, -) has a left action on the set of the isoclasses of inner Poisson structures on (A4, -)
by conjugation.

(i1) Theorem 1.4 permits us to write an inner Poisson algebra (A, -, {—,—}) on (A,-) by
(A, -, g) with g € P(A).

Assume that g, h € P(A). If gh = hg then gh € P(A), and hence we have the inner Poisson
algebra (A, -, gh). If g([h(x), y]) = [A(x), g(y)] and h([g(x), y]) = [g(x), h(y)] for x,y € A,
then g + h € P(A), and hence we have the inner Poisson algebra (A, -, g + h).

(iii) Denote by Aut(A, -, g) the automorphism group of the inner Poisson algebra (A, -, g),
where g € P(A). Then Aut(A, -, g) = {r € Aut(4, -) | Im(rgr~! — g) C Z(A)}.

(iv) Let (A, -, g) be an inner Poisson algebra with g € P(A). Since Z(A) € Z{A}, it follows
that on A := A/Z(A) there are two Lie algebra structures (A, {—,—)) and (A, [—,—]).

Since Z(A) C Ker(g), it follows that g induces a k-linear map g: A — A by g = g. Define
g :=mg € Endi(A). Then g(X) = g(x), Vx € A, where ¥ = 7 (x). By (1.1) and (1.2) we deduce
that

[g@).7]=[x.2®].  2([g@).7])=[8®).8()]. Vi yeA;

and that g : (A, {—,—}) = (A, [—,—]) is a Lie algebra homomorphism:

gz ) =2g({x.y}) =2([e®). y]) = ¢([¢x). ¥]) = [¢). e ] =[2E). 8]

(v) Let (A, -) be an associative algebra. Denote by Der(A) and Inn(A) the space of the deriva-
tions and the inner derivations of A, respectively. Then Inn(A) is a subalgebra of the Lie algebra
(Der(A), [—,—]), and Inn(A) = (A, [—,—]) as Lie algebras.

If (A, -, {—,—}) is a Poisson algebra, then the Hamiltonian map ham : A — Der(A) gives a
Lie algebra homomorphism from (A, {—,—}) to (Der(A), [—,—]. If (A, -, {—,—}) is an inner
Poisson algebra given by (A, -, g) with g € P(A), then the Hamiltonian map ham gives a Lie
algebra homomorphism from (A, {—,—}) to Inn(A), and hence to (A, [—,=]. This exactly says
that the map g € Endg (A) defined in (iv) satisfies g([gx), yD =1[gx),g(y)].

1.6. In the rest part of this section we fix the following notations. Let (A, -) be a finite-dimensional
associative algebra, and g € P(A). Consider the generalized eigenspace decomposition of g. Let
{Ao, ..., Am} be the set of eigenvalues of g, and V; be the corresponding root space

{x €A | (g —2)*(x) =0, for some s > O}.

Then V; is a g-invariant subspace and A = @ogigm Vi.Since 0 # 1 € Z(A) C Ker(g), it follows
that we may assume that Lo = 0, and hence Z(A) C Vj.
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Lemma 1.7. We have

(i) [Vi. Vi1 =0, fori # j.
(1) [Vo, Vol € Vo, and hence Vy is an ideal of the Lie algebra (A, [—,—]).
@{i) [Vi, Vi1 € Z(A) @ V; for i # 0, and hence Z(A) @ V; is an ideal of the Lie algebra
(As [—,—])fOri # O

Proof. (i) Let x € V;, y € V;. By applying (1.1) one has [g°(x), y] =[x, g°(y)] for all s >> 0. By
definition (g — A;)" (x) = 0 for some 7. Since A; # A for i # j, it follows that g — 1; is invertible
on V;, and hence (g — A;)* is invertible on V; for any s > 0. It follows that there exists vy € V;
such that y = (g — A;)"(y’). Thus

[r.y]=[x. (g = 2)' )] = [(g = 1) (x). y'] =0.

(ii) and (iii). Let x, y € V;. Write [x, y] = Zogjgm x; with x; € V;. For each j # i, by the
Jacobi identity and (i) we have

[x,y]. Vi] € [[x. Vi1, y] + [x. [y, V1] =0.

While

[[x’ yl, Vj] = |: Z Xs, Vj:| = [x;, V;].

0<s<m

It follows that [x;, V;]1 =0 for j # i, and then by (i) we have [x;, A] =0 for j # i. This implies
xjeZ(A)NV;forj#i.
Ifi =0thenx; € Z(A)NV; for j # 0. Thus x; = 0 for j # 0. This proves that [Vp, Vo] € Vp.
Ifi #0thenx; € Z(A)NV; for j #i.Thus x; =0for j #i, j #0,i.e. [x, y] =x0 +x; with
xo € Z(A). This proves that [V;, V;1C Z(A)® V;. O

Remark 1.8. In general, V; (i # 0) is not an ideal of the Lie algebra (A, [—,—]). For example,
let A=k{x,y)/(x, y)3. Then Z(A) is the space spanned by 1 and all the monomials of total
degree 2. Denote by V) the subspace spanned by x and y. Let g be the k-linear transformation of
A given by glza) =0 and g|y, =1d. Then A = Z(A) @ V) is the decomposition of root spaces
of g. Itis easy to see g € P(A). Note that [V, V] C Z(A) is the root space decomposition of g.

Proposition 1.9. Keep the notations in 1.6. Let fo(t),..., fm(t) be polynomials such that
f0(0) = 0. Then the k-linear transformation defined by

f@: @ vi> P vi. rli="rfie

0<i<m 0<i<m
belongs to P(A), and hence f(g) induces an inner Poisson structure on (A, -).

Proof. Set p := f(g). Since f(0) =0, it follows from the construction that p(Z(A)) = 0. Since
A =@y<;i<m Vi is a decomposition of invariant subspaces of p, and [V;, V;]1=0 fori # j, it
suffices to prove that p|y, satisfies (1.1) and (1.2).
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Assume that x, y € V;. Since g satisfies (1.1), it follows that p|y, also satisfies (1.1):

[P, y]=[fi@®).y] =[x, filM]=[x. p(M].

If i # 0 then A; # 0, and hence g|y, is invertible. It follows that x = g(x’) for some x" € V;,
and then by (1.2) we have

g([x,y]) =g([¢(x). y]) =[x g ] +z=[x.gM] +z

for some z € Z(A). Applying this identity iteratively we have

p([p).y]) = fi([px). y]) =[p@). il ]+ =[p&x), p(»]+7

for some 7’ € Z(A). This shows that p|y, satisfies (1.2) for i # 0.
By assumption fy(¢) = tu(t) for some polynomial u(z). It follows from (1.2) that

p([p),y]) = fie)([g(u()x)), y])
=[g(u(®)®). fi)(M] +2
=[p), p(M] +2

for some z € Z(A). This proves that p|y, also satisfies (1.2).
By Theorem 1.4 f(g) induces an inner Poisson structure on (A, -). O

Remark 1.10. If one can choose polynomials f;(¢) in Proposition 1.9 such that gt f(g)t~!' —
g2 # 0 for any t € Aut(A, ), then Im(tf(g)'l:_1 - 2) ,@ Z(A) for any 7 € Aut(A, -), and hence
by Theorem 1.4 the inner Poisson structure on (A, -) induced by f(g) is not isomorphic to the
one induced by g. In this way one obtains new inner Poisson algebras from the known one.

2. Standard Lie structure on path algebras

As we will see in the next section, the Lie ideals of an inner Poisson structure on a finite-
dimensional path algebra ké are exactly the ones of the standard Lie algebra on (k@), [——D.
The aim of this section is to decompose the standard Lie algebra (ké, [—,—]) into a direct sum
of_) indecomposable Lie ideals. This is needed in classifying all the inner Poisson structures on
k Q in Section 3, and in determining all the outer-Poisson quivers in Section 4.

2.1. For the quiver technique of algebras we refer to [ARS] and [R].

N Recall that a quiver é = (60, él, s, t) is an oriented graph, where éo is the set of vertices,
Q1 is the set of arrows, and for any arrow «, s(«) and ¢ («v) are the starting ansl) ending vertex of o,
respectively. Let k Q be the vector space with basis the set of all the paths in Q. Then k Q is finite-
dimensional if and only if é is a finite quiver without oriented cycles, and k@ = @n>0 k@n isa

graded associative algebra with Z(ké) =k - 1, which is called the path algebra of é, where the
multiplication is given by the conjunction of paths, and k@n is the k-space with basis the set of
paths of length n. Vertex i € éo is regarded as a path of length 0 and denoted by e; € k@. A path
of length > 1 is called a non-trivial path. We write the conjunction of paths from right to left.
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Throughout this section we assume that é is a finite connected quiver without oriented cycles.
Thus 1 = Zie_éo e; with e;e; = §; j, where §; ; is the Kronecker symbol. N

If the orientation of é is forgotten, then we get the underlying graph Q of Q. For an unori-
ented graph Q denote by (b|a|a) an edge with vertices a and b; denote by (@, +1 | |am| - - - |a3|
aslaz|aq|ar) a walk, where «; is an edge with vertices a; and a;+1, 1 <i <m, m > 1, such that
a; # aj+1. By a closed walk we mean a walk (ay+41|omlam|---|azlaz]az|arla;) such that
a) = am+1. By a reduced closed walk we mean a closed walk (aj|oy,|am|---laz|az|az|oq|ar)
such that the vertices ay, ..., a,, are pairwise different.

2.2. Two non-trivial paths o and § are said to be connected provided that there exists a path y
such that « and B are sub-paths of y. For two non-trivial paths « and 8, define « () 8 if and only
if there exist non-trivial paths yo = «, y1, ..., ¥, Yi+1 = B, such that for each 0 < i < ¢, either y;
and y; 41 are connected, or both y; and y; 1 lie in a reduced closed walk of the underlying graph
Q of é If « () B then we say that & and B can be connected by a sequence of non-trivial paths.
It is clear that () is an equivalence relation on the set of non-trivial paths of é Let {Py,..., Py}
be the set of the equivalence classes. We call m the degree of the quiver a Regard P; as a
sub-quiver of é Denote by V; the set of vertices of P;.

2.3. Set

E:={ > hieiekOo| Y- =0} = Y ke —e) = %: kerw — es@).  2.1)
aclg

ie0o ieOo i,jééo

Define a bilinear form (—,—) :kéo X k@o — kby (ej,ej)=6;j.i,] € @0. Foreach 1 <i <m,
set

E; :==k{er ) — es) | @ € Pi}

and
Fir={x€E|(x,E;)=0, Vj#i}
= { % Cv€y % ¢y =0, /(@) =Cs), Ya € Pj, Vj;éi}.
ve Qg ve Qo
Then

Fi={x€E|[x,a]=0, Vo€ P;, Vj #i}. (2.2)

Since k is assumed to be of characteristic 0, it follows that Q C k, where Q is the field of
rational numbers. Define

Eq ;:{ Z rie; GQéo) Z Ai ZO}.
ieéo ieé()

Similarly we have the subspaces (E;)g and (F;)g of Eg. The reason to consider Eg is as
follows. If x € Eg, then (x,x) =0 if and only if x = 0. It follows from the Gram-Schmidt
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orthogonalization that we have an orthogonal basis {ay, ..., ay, ..., a;} of (E)g with respect to
(—,—), such that {ay, ..., as} is a basis of Z#i (Ej)@- In this way we deduce that dimg (F;)g =
dimg Eq — dimq(}_;; (E)q)- Since F; = (F;)g ®q k, it follows that

dimy F; = dimy E — dimk<z Ej>.
J#i

Lemma 2.4. Assume that 0 £ x =
such that Ay, # 0 and L., # 0.

jev; Ajej € E; for some i. Then there exist vi # vy € V;

Proof. Otherwise, there is a vertex belonging to E; C E, then all the vertices in é belong to E,
which contradicts (2.1). O

Lemma 2.5. Assume that Q is connected. Then E = &P, <i<m Ei, and hence E =@ <; ¢, Fi-

Proof. Assume that ) 1<i<mXi = 0 with x; € E; for each i. To complete the proof, it suffices to
show that x; = 0 for all i. Otherwise, say x; # 0. Since x; € E1, we may write x| = Z,/evl
It follows that there exists v1 € V; such that A, # 0. By Lemma 2.4 there exists v2 € V; such
that vy # vy and X, # 0. By construction vy and v, can be connected by some arrows in P (this
means that there is a walk in P; containing vy and v5).

Since ) I<i<m Xi = 0, it follows that there exists some x;, say x2, such that the coefficient of
ey, in x7 is non-zero. Then v, € V. Again by Lemma 2.4 one can find some v3 € V, such that
v3 # v and the coefficient of e, in x; is non-zero. By construction v, and v3 can be connected
by some arrows in P.

kjej.

Repeating this process we get a sequence of vertices: v| # vy # v3 # ---. Since @0 isa
finite set, it follows that there exists p,q with 1 < p < ¢ — 1 such that v, = v,. Consider the
vertices Vp, Up41, ..., Vq. For each j with p < j < g — 1, by the process of the construction

above one knows that v; and vj;1 can be connected by arrows in some P}y, and any three
subsequent vertices v;, vj 1, vj42 cannot be connected by arrows in a same P;. Since v, = vy,
it follows that we obtain a reduced closed walk, in which arrows belonging to different P; lie.
This contradicts the definition of P;’s. This proves the first assertion. 0O

Lemma 2.6. Let é be a finite connected quiver without oriented cycles. Suppose that ké =
@1<i<m L; is a decomposition of ideals of the Lie algebra (ké, [—,—=]. Then

. —
() k00 =D <;cn®BoNLi);
(i1) Any non-trivial path is contained in some L;.
Proof. (i) Consider the Pierce decomposition k@) = @i’ icOo A; jwith A; j:==¢; (kéej). Since
é has no oriented cycles, it follows that A; ; = ke; and k@o = @ier A
In order to prove (i), by the Pierce decomposition above it suffices to prove that for each n
and any x = Zi,je_Q)o xi j € L, with x; j € A; ;, there holds Zieéo Xii € Ly.
Since L, is a Lie ideal and x € L,,, it follows that

[eg. [x,epl] =xpg+x4.p €L, Vp.q, p#q.

and hence Zieéo Xij €L,.
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(i) Let  be a non-trivial path. Write esq) = ) _; x; with x; € L;. By (i) we have x; =
Zj Ai,je; for each i. Then we have

a=a, ey(a)] = Z)H j [c, ej] = Z()\z s() — A Z‘(Ol))a

i
It follows that there exists i such that A; s(o) 7 Ait(«)- Thus (A; 5(@) —Ai @) =la, x;] € L;. O

Remark 2.7. As we see from the proof of Lemma 2.6, if A is an associative algebra and 1 =
Zlgigm e; withejej =4; je;, 1 <i, j <m,andif ¢; Ae; is of dimension one for each 7, then the
corresponding assertion also holds for A.

Lemma 2.8. Let 6 be a finite connected quiver without oriented cycles. Suppose that ké =
®1<i<m L; is a decomposition of ideals of the Lie algebra (k@, [—,—1. If non-trivial paths o
and B are sub-paths of a path, then o, B € L; for some i.

Proof. By Lemma 2.6(ii) we have o € L; and 8 € L for some i, j. By assumption there exists

a path y such that oy (or By«) is a path. Since ayf = [«, [y, B]] (or Bya = [B, [y, «])), it
follows that oy (or By a) is contained in L; N L j, which implies i = j. O

Lemma 2.9. Let @) be a finite connected quiver without oriented cycles. Suppose that ké =
®1<1<m L; is a decomposition of ideals of the Lie algebra (k@ [—,—1). If non-trivial paths o
and B lie in a reduced closed walk of the underlying graph Q ofé then a, B € L; for some i.

Proof. By Lemma 2.6(ii) we may assume that o € L. Without causing confusion we write
ké =L & Ly with Ly := @i>2 L;. Let E; denote the k-space spanned by all the elements
er(y) — €s(y), ¥V € (él N L;), and EJ- denote the space {x € k@o | (x,y) =0, Vy e E } for
i =1, 2, where (—,—) is defined as in 2.3. Then EJ- {xe€ekQo|lx,y]=0, Vy eél NL;} It
follows that kéo NL; C E2 , kéo NLy, C EJ-

By Lemma 2.6(ii) any arrow either hes in L1, or lies in Ly, it follows that E 1+ Ez E.

Now, if 8 ¢ L1, then we claim that E1 N E2 #0.

In fact, let w denote the reduced closed walk. Then 0 =)
reduced, it follows that 0 # . ¢\, ,er, T(er(y) — €s() = X
proves the claim.

It follows that

E(er(y) — es(y))- Since w is
E(er(y) — es(y)), which

yew
yeEw,yELy

dimy E; + dimyg E = dimg (E; + E») + dimg(E1 N Ez) > dimy E = dimg (kQp) — 1.

By the same argument in 2.3 we have dimk(Ef-) = dimg (k@o) — dimy, (El) and dimyg (Ej-) =
dimy (kéo) — dimy, (Ez). Since El N Ez # 0, it follows that we cannot have k@o NL;= E%‘ and
simultaneously k@o NL,=E IL, and hence by Lemma 2.6(i) one gets a contradiction

dimy (k Q) = dimy (k Qg N L) + dimy (k Qo N L2)
< dimk(Ezl) + dimy (Ell)
= dimg (k Qo) — dimg (E1) + dimg (k Qo) — dimy (E2)
<dimg(kQp). O
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With the preparations above, we can prove the main result in this section. Keep P;, E;, Fj,
1 <i <m, asin 2.3. For each i, denote by /; the space spanned by F; and P;.

Theorem 2.10. Let é be a finite connected quiver without oriented cycles. Then

KO0=k-1& P 1

1<i<m
is a decomposition into indecomposable ideals of the Lie algebra (k@, [—,—D.

Proof. By Lemma 2.5 and the construction of P;, we know that ké =k-16 ®1<i<m I;. By
(2.2) we have [F;, Pj] =0 for j #1i. Since [P;, P;j] # 0 implies i = j (by the construction of
P;’s), it follows that [/;, ;] = 0 for j # i and hence I; is a Lie ideal. It remains to prove that ;
is indecomposable.

If ; =V & W, then by Lemma 2.6(i) we deduce that F; = (F; N V) & (F; N W). By Lem-
mas 2.8 and 2.9 we may assume that P; C V. If 0# x € F; N W then [x, V] =0, and hence
x € Z(kQ) =k - 1, which contradicts with x € E. O

Corollary 2.11. Let @) be a finite connected quiver without oriented cycles, P, ..., Py be as
in22,andly,..., I, beasin Theorem 2.10.

(i) For an arbitrary vector (M,_.) .., Am) € K™, there exists a unique inner Poisson structure
{—,—1} on the path algebra k Q (up to a Poisson algebra isomorphism) such that

ham(a) = Ajla,—], Vael;, 1 <i<m.

(ii) For any vertex e of é the following system of linear equations with variables cy, ..., cy
(n :=1Qol), has always a solution:
Ci(y) — Cs(y) =riw(y), Vye P, 1<i<m, (2.3)

where (y) =0 if e #s(y), e #1(y), and w(y) =1ife=1(y), and w(y) = =1 ife =s(y).

Proof. By Theorem 2.10 we can define a linear transformation g : ké — ka by g(1) =0 and
gl = A;1d for each 1 <i < m. Then g satisfies (1.1), (1.2): In order to verify this, it suffices to
verify that g|;, satisfies (1.1) and (1.2), which is clear by construction of g.

(i) This follows from Lemma 1.2.

(i1) Let y € P;. Assume that g(e) = Zie@o ciei. Then by (1.1) we have [g(e), y] =[e, g(¥)] =
Aile, y]1 = Ajw(y)y. This implies that (cq, ..., cy) is a solution of the given system of linear
equations. 0O

3. Inner Poisson structures on path algebras

This_§ection is devoted to classifying all the inner Poisson structures on the path algebra k@,
where Q is a finite quiver without oriented cycles. Without loss of generality, we assume that
is connected.

First we establish two lemmas for the Poisson structures on any associative algebra A with an
orthogonal idempotents decomposition of identity.
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Lemma 3.1. Let (A, -, {—,—}) be a Poisson algebra, and 1 = Zlgigm e; with eie; = §; je;,
1<i, j<m.

(i) We have {e;,ej}=0,V1<i,j<m.
(ii) If x €ejAej, y €epAey, and j # p, q #1, then {x, y} = ejep{x, ylegze;.

In particular, if in addition i # p, or j # q, then {e;Aej, e, Aes} =0.

Proof. This seems to be well known. For the convenience of the reader we include a justification.
(1) It suffices to prove the assertion for i # j. By the Leibniz rule we have

leiejy={ef.ej} =eilei, e} + e ej)ei
and
{ei.ej} = {ei,ef} =ejlei,ej} +{ei,ejle;.
It follows that
{ei,ej} =eilei,ejlej +ejlei, ejle;.
Since e;e; =0 =¢je;, we have
0={eiej,ej} =eifej,ej} +{ei,ejlej ={ei,ejle;
and
0={ei,ejei} =ejlei,ei} +{ei,ejle; ={ei, ejle;.

Combining the last three identities we have {e;, e;} = 0.
(ii) By the Leibniz rule and (i) we have

{x,y}={eixej, epye ) =eifxej, epyeq} +{ei, epyeqtx

=ejeplxej, yest +ei{xej, eply +eplei, yegtx +{ei, eplyeqeix

=eep{xej, yeq ) +eifxej, eply +eplei, yegtx

=eiepx{ej, yeqt +eiep{x, yeglej +eix{ej, eply +ei{x, epleje,y
+epyiei eqlx +eplei, ylegeix

=eiepx{e, yeq} +eiep{x, yegle;

=ejepxylej,eq) +eiepxiej, yleg +eie,y{x, eqlej +eiepix, ylege|

=eiepxiej, yleq +eiepy{x, eqlej +eieplx, ylege;

=eiepxejeple), yleg +eiepxiej, eptyey +eiepyeqei{x, eqlej +eiepylei, eqlxe;
+eiep{x, yleze;

=eiep{x, ylege;. O
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Lemma 3.2. Let (A, -, {—,—}) be an inner Poisson algebra, and g € P(A), such that ham(a) =
[g(a), —] for each a € A (cf. Theorem 1.4). Assume that 1 = Zl<i<m e; is a decomposition of
pairwise orthogonal idempotents. Then g(e;) C Zlg/gm ejAe;j foralli.

Proof. By the Pierce decomposition we have A = €, <p.g<m €pAeg. Write

gle)) = Z Xp.q

I<p,g<m

with x, 4 € epAe;. We need to show that x, , = 0 for p # q. Since {a, b} = [g(a), b] for
a,b e A, it follows from Lemma 3.1(ii) that

O:{eiaer}:[g(ei)7er]: Z [xp,q7er]: Z Xpor — Z Xr,q

I<p,g<m I<p<m I<g<m
for 1 <r <m.Thatis, } ) <y Xpr = X 1<g<mXrg- ltfollows that x), , = Oforall p£r. O

Now we turn to the path algebras. Throughout the rest of this section we denote by é a finite
quiver without oriented cycles.

Lemma 3.3. Let (ka, -, {—,—=}) be an inner Poisson algebra. Then there exists a map g € P(ké)
such that ham(x) = [g(x), —] for each x € ké, and that for any non-trivial path « we have
g(a) = Ay for some Ay € k.

Proof. By Theorem 1.4 there exists a map & € P(k@), such that ham(x) = [k(x), —] for each
X € k@.

By Lemma 3.2 we have h(e;) € @jeﬁo ke; for each vertex i. It follows that {e;, o} =
[h(e;), a] € ka. Write h(a) = Ago + Ay + - - - + Apa, With Aq, ..., A, Z0, and o, 1, ..., @y
being pairwise different paths. We claim that there are no non-trivial paths in {«q, ..., «,}. Oth-
erwise, say, 1 is a non-trivial path. Then [e;(4,), @1] = 1. Since [€;(«,), ;] € ko; for each i, it
follows that we have a contradiction

{er(@) o} = [er)s h(@)] =ler@), haot + Aar + -+ + Apay] ¢ ko,

Thus we can write h(a) = Ay + g With o € k@o, for each non-trivial path «. Then for any
non-trivial path 8 we have {«, 8} = [h(«), B] = [«, h(B)], that is

)"Ot[av ﬂ] + [OlO, ﬂ] = )‘ﬁ[av 13] + [a3 ﬂO]
Since [ag, B] € kB, [«, Bol € ka, it follows that [«g, 8] = O for arbitrary two non-trivial paths «
and B, and hence g € Z(kQ) =k - 1.
Now define a linear transformation g : k@) — k@) by

glkd, =hlkgy;  g(@) =Aga =h(a) — ap, ¥ non-trivial path .

Then g € ’P(ka) since h € P(ké), and ham(x) = [h(x), —] = [g(x), —] for each x € ké. O
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Lemma 3.4. Let g and Ay be as in Lemma 3.3. If o and B belong to a same P; (cf. 2.2), then
Aq = Ag.

Proof. First, we claim that if two non-trivial paths « and 8 are connected (cf. 2.2), then A, = Ag.
In fact, without loss of generality, we may assume that B« is a path. Then we have

haBa =B, ha]l = B, g(@)] = (B, @} = [8(B), @] = [1pB, o] = hpBa.

Next, we claim that if two arrows « and B lie in a reduced closed walk of the underlying graph
0 ofé then Ay = Ag.

In fact, without loss of generality, by the first claim we may assume that each vertex in the
reduced closed walk is either a source, or a sink. Thus, it is of the form « - - - oy with s > 2, such
that all «;’s are arrows and

vpi=s(ar), vi=ta) =t(a), ..., vs:=t(ag)=1t(as—1), vi=s(a),
and that vy,..., vy are pairwise different vertices. We consider g(ey,). Set Ip = éo —
{vi,...,vs}. By Lemma 3.2 we can assumethatg(evl):Zlgigscievi—I—z withze@jerokej.

By (1.1) in Section 1 we have [g(ey,), o;] = [ey,, g(o;)] for each i, 1 < i < s. This reads as

—Ag oy, ifi=1;
(Criar) = Cs())i = [ev, Ag;0ti] = =g, a5, ifi =35
0, otherwise.
It follows that
Cl —Agy =C2=":++=C5 =C| — Aa,,

and hence Ay, = Aq,.
Similarly, by considering g(e,;) we get Ay, = A
Aq; =+ = Ag,. This completes the proof. O

aip1» 1 <1 <s — 1. In this way we have

Now we are in position to state our main result in this section.

Theorem 3.5. Let é be a finite connected quiver without oriented cycles, and 11, ..., I, be as
in Theorem 2.10.

If {—,—} is an inner Poisson structure on the path algebra k@) then there exists a unique
vector (A, ..., A\ym) € K™, such that

ham(a) = Aila,—], Vael;, 1 <i<m. (3.1

Conversely, for an arbitrary vector (M1, ..., p) € k", there exists a unique inner Poisson
structure {—,—} on the path algebra k@ (up to a Poisson algebra isomorphism) satisfying (3.1).

Proof. By Corollary 2.11(i) we only need to prove the first assertion.

The uniqueness of (Ag, ..., Ay,) follows from the fact that Z(ka) =k - 1. By Lemmas 3.3
and 3.4 we know that there exists a vector (A, ..., A,;) € K™, such that (3.1) is true for a € P;,
1 <i < m. It remains to prove that (3.1) is true for a € F; (cf. Theorem 2.10).
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By Lemma 1.2 we have a linear transformation g:ké — ké satisfying (1.1), (1.2), and
g(1) =0, such that ham(x) = [g(x), —], Vx € ké. It follows that if x € P; then g(x) = Ajx +¢;
withc; ek - 1.

Now leta € F;. If y € P;, j #1i, then

ham(a)(y) = [g(a), y] = [a, g(»)] = Ajla, y] = 0= Aila, y].

If y € P;, then ham(a)(y) = A;jla, y]. If y € kéo then by Lemma 3.1 we have ham(a)(y) =0 =
Aila, y]. Thus, in any case (3.1) is true. O

Example 3.6. (i) Theorem 3.5 shows that any inner Poisson structure on a finite-dimensional path
algebra is piecewise standard (for the definition see Introduction). We point out that in general
an inner Poisson structure is not necessarily piecewise standard.

Let B be a non-commutative k-algebra, and A = B ®; k[x] /(xz). Consider the following
linear map:

g:A—> A, ar—a(l®x), VaeA.
It is easy to check that g satisfies (1.1) and (1.2). It follows from Lemma 1.2 we have an inner
Poisson structure on A given by ham(a) = [g(a), —] for each a € A. Note that any element of

A is of the form b ® 1 4+ ¢ ® x with b, c € B. If A is piecewise standard, then there exists an
element b ® 1 + c @ x with b ¢ Z(B), ¢ € B, such that

ham(b @ 1 +c®x)=[gb @1 +c®x),—|=[b®x, - ]1=Ab®1+cQx, ]
for some A € k. However [b @ x, b’ @ 1] #AbR® 1 +c®x,b’ ® 1] for some b’ € B.
(i1) Consider the path algebra ké, where é is the quiver with vertices 1,2, 3,4,5,6,7, and
with arrow « from 1 to 2, arrow 8 from 2 to 4, arrow y from 1 to 3, arrow § from 3 to 4, arrow

B’ from 5 to 4, arrow o’ from 7 to 5, arrow 8’ from 6 to 4, arrow Y’ from 7 to 6. Let I; denote
the k-space spanned by

—4de1+es+es+eqter, —4dexytes+es+eqter, —4destes+es+eq+e7
a B, vy, 4§ Ba, 8y

and I, denote the k-space spanned by

—4esteitertestes, —degtertertestes, —derterterte;tes
o, B, ¥, 8 pd, 8y
Then kQ =k - 1 @ I1 @ I, and for arbitrary A, A3 € k,
{x,=}=X1lx,—], i=1,2,

gives an inner Poisson structure on the path algebra ké; and any inner Poisson structure on ké
is of this form.
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Remark 3.7. On the other hand, if A is an associative algebra and 1 = Zl< i<m € With
eiej =0; jei, 1 <i, j <m,andif in addition dimy (e; Ae;) = 1 for each i, then any inner Poisson
structure on A is piecewise standard.

In fact, without loss of generality we may assume that A is indecomposable as an associative
algebra. In this case we have Z(A) = k- 1, and then the assertion follows from a similar argument
as in the proof of Theorem 3.5.

As a corollary we see that a Poisson structure on a simple algebra is standard (cf. [Kul]).

Remark 3.8. Let (A, -) be an associative k-algebra. In 2.6.1 of Van den Bergh [Van], a Poisson
structure on (A, ) is defined to be a k-map p: A/[A, A] — Der(A)/Inn(A), such that

(@, b}y = (p@) ' (b) € A/[A, A]

is a Lie bracket on A/[A, A], where (p(a))_1 is an arbitrary lift of p(a). If (A, -) is commutative
then this definition is equivalent to the one we used in this paper. But it is different from the
one we used in non-commutative case (examples can be easily given by Theorem 3.5). We are
indebted to Crawley-Boevey for pointing out this to us. If p is a Poisson structure on (A, -) in the
sense above, then {—,—} induces naturally a Poisson structure on A/{[A, A]), where ([A, A]) is
the ideal of A generated by [A, A].

Another type of non-commutative Poisson structure on (A, -), which is slightly different from
the one above has been given more recently in Crawley-Boevey [C]. For details see Section 1
in [C].

4. Quivers admitting outer Poisson structures

By an outer Poisson algebra we mean a Poisson algebra which is not inner. By an outer-
Poisson quiver we mean a finite quiver Q without oriented cycles, such that there exists an outer
Poisson structure on the path algebra ké. A finite quiver é without oriented cycles is said to be
an inner-Poisson quivgr provided that it is not an outer-Poisson quiver, i.e. any Poisson structure
on the path algebra k Q is an inner Poisson algebra.

The aim of this section is to classify all the inner-Poisson quivers, and hence all the outer-
Poisson quivers.

A theorem of Happel [H] says that the first Hochschild cohomology of a finite-dimensional
path algebra k_Q) vanishes if and only if 6 is a finite tree. It follows that a finite tree is an inner-
Poisson quiver. However the converse is not true (see Example 4.3(i) below).

It is easy to see that an inner-Poisson quiver is a disjoint union of connected inner-Poisson
quivers. It follows that we may assume that the quivers considered are connected.

4.1. We fix some notations. Let 6 be a finite connected quiver without oriented cycles. For two
non-trivial paths « and B, define o = § if and only if there exist non-trivial paths yp = «, y1, ...,
Vi> Vi+1 = B, such that for each 0 <i <, y; and y;4] are gonnected (cf. 2.2). It is clear that =~
is an equivalence relation on the set of non-trivial paths of Q. Let {G1, ..., G} be the set of the
equivalence classes. By definition if & = 8 then « {j B.

Theorem 4.2. Let é be a finite connected quiver without oriented cycles. Then é is an inner-
Poisson quiver if and only if the relation = is exactly the relation (), i.e. the following condition
holds:
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if two arrows o and B lie in a reduced closed walk of the underlying graph Q of é,
then a = B. 4.1)

Example 4.3. (i) Let é be the quiver with vertices 1,2, 3,4, 5, and with one arrow from 1 to 2,
one arrow from 2 to 4, one arrow from 1 to 3, one arrow from 3 to 4, and one arrow from 4 to 5.
Then by Theorem 4.2 é is an inner-Poisson quiver, but the first Hochschild cohomology group
is of dimension one, by Proposition 1.6 in [H].

(ii) Let é be the quiver with vertices 1, 2, 3, 4, and with one arrow from 1 to 2, one arrow from
2 to 4, one arrow from 1 to 3, one arrow from 3 to 4. Then by Theorem 4.2 é is an outer-Poisson
quiver.

For the proof of Theorem 4.2 we first give some lemmas.
Lemma 4.4. Let é, {Giligigs beasind.l, Xy, ..., s € k. Define

_ o, ifx,y € Qo
{x’y}_{)»,-[x,y], ifx € Gi, ory€G;.

Then (ké, - {—,=}) is a Poisson algebra.
Proof. Left to the reader. O

Lemma 4.5. Let é, {Gihigigs beasin4.1. Let Ay, ..., Ay be pairwise different elements in k.
Suppose that there exista € G; and 8 € G j withi # j, such that o and B lie in a reduced closed
walk of the underlying graph Q of é, then the Poisson structure given in Lemma 4.4 is not inner.

Proof. Let«a € P; for some ¢, 1 <t < m, where P; is defined in 2.2. Then 8 € P;. If the Poisson
algebra in Lemma 4.4 is inner, then by Theorem 3.5 there exists a unique vector (cy,...,cn) €
k™ such that ham(«) = [c;a, —], ham(8) = [¢; 8, —]. On the other hand, by definition we have
ham(a) = [A;ar, —], ham(B8) = [A; 8, —]. It follows that we get a contradiction A; =¢; =1;. O

Lemma 4.6. Let é be a finite quiver without oriented cycles satisfying the condition (4.1),
and {Gi}i1<igs be as in 4.1. Assume that (ké, - {—,=1)) is a Poisson algebra. Then there
exist Ay, ..., As €k, such that {o, e;0)} = {€5), ¢} = Ailot, e(o)] = Ailes), @] for a € G,
1<i <s.

Proof. First, we claim that it suffices to prove the assertion for any arrow o € G;, 1 <i <s.
In fact, suppose that the assertion holds for any arrow. Let y = S« be an non-trivial path with
B an arrow in G; and « a non-trivial path. Then by the Leibniz rule and Lemma 3.1(ii) we have

{y.ecn) = Bla,ergpn} +{B, erp)}a
={B,erpta = Ai[B, er(p)l
=Aily,er].

Similarly we have {es(,), ¥} = Ailes(y), ¥]1. This proves the claim.
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Now, we claim that for any arrow o there exists A, € k such that {o, e;(0)} = {€5), @} =
Aglor, et(a)] = )\a[es(a)’ al.
In fact, since @ has no oriented cycles, it follows from the Leibniz rule and Lemma 3.1(i) that

{a, er@)) = erlos ey} + et (@), er }at
= €t(a) {a, €t(a) }es(a) + a{es(a)v et(a)}

= e, er(a)}es(a)-

Similarly we have {egq), @} = el er(@)}es@). It follows that {«, e;)} = {€5@), o} =
Zlgigr ciaj, where o;’s are pairwise different paths with s(«;) = s(«) and 7 (¢;) = t () for
alli. If r =1 and o; = @ then the claim is proved. Otherwise, o and ¢; form a reduced closed
walk, and hence by the condition (4.1) we have o = «; for each i. While « is an arrow, this
implies that there exists an arrow S such that s(8) = ¢ (), or #(8) = s(«). We only discuss the
case that s(8) = t (). The other case can be treated in the same way.

Write {B, ep)} = {es(p), BY = 1< j<n djBj» Where t(B;) =1(B) and 5(B;) = s(B) =t ()
for all j. By the Leibniz rule and Lemma 3.1(i) we have

{a, B} = {a, Blesip) + Bl er(a)}
= afes(), Blesp) + Blat, er)}
=aepylesw) Blesp) + Bl e}
=Bla. el = Y ciPai.

1<igr

By applying the Leibniz rule on the opposite side one gets

{o. BY ={erw). Bl = {esipy. Bla = Y d;pje.

1<j<n

Thus

Z Ci,BOé,'Z Z djﬁj(l(.

1<i<r 1<j<n

This implies «; = « for all i with 1 <i < r (otherwise one gets an oriented cycles). This contra-
dicts the assumption, and hence the claim is proved.

The argument above also proves that if o and B are arrows such that s (8) = (o) then A, = Ag.
It follows from the definition of G;’s that A, = Ag if o and 8 belong to a same G;. This completes
the proof. O

Lemma 4.7. Let @) be a finite quiver without oriented cycles satisfying the condition (4.1), and
{Gi}i1<igs be as in 4.1. Assume that (ké, - {—,=}) is a Poisson algebra, and A1, ..., As €k,
such that {o, e; (@)} = {es@), @} = Aila, er@)] for a € G;, 1 <i <s. Then for each a € G,
1 <i <, we have {«, v} = Ajla, y] for arbitrary non-trivial path y .



588 Y. Yao et al. / Journal of Algebra 312 (2007) 570-589

Proof. First, we claim that it suffices to prove the assertion for any arrow «.
In fact, suppose that the assertion holds for any arrow. Let B« be an non-trivial path with g
and « both non-trivial paths in G;. Then by induction on the length of path we have

{,30[, V} =ﬁ{(¥, V} + {IB’ )/}Ol =)‘i:3[av )/] +)"l[:37 V]Ol =)"i[ﬁa$ V]

So, we may assume that « is an arrow in G;. We prove the assertion case by case.

Case 1: If t(a) = s(y), then by the Leibniz rule we have {«, y} = a{es@), v} + {o, v}esw)-
Since Q has no oriented cycles, it follows that s(«) # s(y) and s(«) # t(y). It follows from
Lemma 3.1(i) that

{a, viesy) = afesw), viesy) +{a, vieswesy) = afesw), viesy) = aergylesw, v ese) =0,

and hence

{a, v} =via, eson)) + o, viesp) = via, e} = Aivie, er )] = Aila, y].

Case2:1f s(a) = t(y), then by a similar argument as in Case 1 we have {«, y} = {o, e5)}y =
Aile, v ]

Case 3: If t(a) # s(y), s(a) # t(y), t(a) # t(y), then by Lemma 3.1(i1) {«,y} =0 =
Aile, v1.

Case 4: If t(a) # s(y), s(a) # t(y), s(a) # s(y), then by Lemma 3.1(i1) {o,y} =0 =
Aile, y].

Case 5: The unique case leftis t () = (y), s(«) = s(y). In this case « and y form a reduced
closed walk, and hence y € G; by (4.1). Then by assumption and «y =0 we have

{a, v} =afesqy. v+, viesw
= rialesqyy, Y1+ {a, erytves + ermias viesw
= Aialesy, Y1+ Aile, er@) 1y + eryles viesw
= er{at, Y}es(a)-
Since o and y form a reduced closed walk and « is an arrow, it follows from (4.1) that there
exists an arrow B such that s(8) = t(«), or #(8) = s(«). Without loss of generality we may

assume that s(8) = t(«). Then by Case 3 we have {«, By} = 0. By Case 1 we have {«, B}y =
Ailee, Bly = 0. It follows that

={a. By} =Bla. v} + {a. B}y = Bla. v}

While B(esg){c, v}) = Bla, y} = 0 implies that gy {a, y} =0, i.e. {o, ¥} =0 = A;[a, ¥].
This completes the proof. O

4.8. Proof of Theorem 4.2. By Lemma 4.5 we only need to show the “if” part.
Assume that the condition (4.1) is satisfied. Let (kQ, ,{— —}) be a Poisson algebra. We

need to prove that there exists a map g: Un>0 Qn — Un>0 Qn, such that ham(x) = {g(x), —},
Vx € Un>0 Q”
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For « € G, define g(o) = A;j, where A; is given as in Lemma 4.6. Then by construction,
Lemmas 3.1(ii) and 4.7 we have

Ailo, y], ify =es@), ory =egq);
ham(a) (y) = {a, y} = { 0. ify € 0o, ¥ # ety ¥ # €5
Aila, v, inyUn>1§n

= [hia, y] =[g(@), y].

Fora=e € @)0, define g(e) = Zieéo cie;, where (ci, ..., cy) is a solution of the system of
linear equations (2.3) (cf. Corollary 2.11(ii)). Then by construction and Lemmas 3.1 and 4.6 we
have ham(e) = [g(e), —]. This completes the proof. O
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